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Design of the molsturm quantum-chemistry framework

Electronic structure theory

Goal: Describing chemical reactivity / properties

@ Electronic Schrédinger equation:

Operator H: Physical description of molecular system

Most important: Ground state, i.e. Ey and ¥
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Design of the molsturm quantum-chemistry framework

Solving the Schroédinger equation: How hard can it be?

@ Main ingredient: Min-max principle

<\11 7:,{\11>
Ey <miné&(V) =min ———+
Tes "owes (V|W)
where S C @ (7—2) = HY(R3N C) and L*(R3N,C) inner
product (- |-)

@ Discretisation: Curse of dimensionality:
o (-|-)y involves integral over 3N-dim. space
e Assume 2 quadrature points only

o Chloromethane: N =26 = 278 ~ 3 - 10?3 quadrature points

5/37



Electronic structure theory Basis functions

The molsturm package CS convergence studies A&Q
0000800 00000

0000000000000 000000000
Design of the molsturm quantum-chemistry framework

Now what?
@ Need a suitable inexact model

@ One starting point: Hartree-Fock approximation

e Find best subspace
N
S=13 N\ wi|vi € H R R), ($ilhs), = 6ij, V1 <ij < N
i=1

where ; € H'(R3,R) are single-particle functions.

= Minimisation problem for {¢;};

o Afterwards:
o Approximate missing physics using minimiser ©0 = {4%},

= Post-HF methods
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Solving Hartree-Fock

o Euler-Lagrange equations:

Foo) = et (wP)of), = oy

e Discretise Fgo in a basis {eutu:
0
= (o),

Cu,i = (@u’d}i)l

@ Discretised problem:

F[C]|C = SC diag(e1,...,en)

A&Q
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Self-consistent field procedure

Initial coefficients C©) | Initial density matrix D© |

ln:O ln:[}

Fock matrix update: Fock matrix update:
Fn) — F(C(")) > Fn) — F(f)(n))

l

Diagonalise F(™ to get next set
of coefficients C("+1). Build
D+ by Aufbau principle.

l

Diagonalise F(®) to Find D("+1) resulting in the
. (n+1) minimal SCF energy along
get coefficients C\" 1), the line from D(+D) to ()

n<n+1
n<n+1

Roothaan scheme Optimal damping algorithm

A&Q
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The standard basis: Gaussian-type basis sets

GTO e 2\ ym
Pu (r)=r* Z Cpyi €XP(— i) - Yl# “(7)
i
0.20
0.15 1
0.10

0.05

relative error
[=]
(=]
(=]
L

—0.20 T T T T T T T T T
-10.0 =75 =50 =25 0.0 2.5 5.0 7.5 10.0

relative distance in Bohr
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Beyond Gaussian-type orbitals

@ Issues of cGTOs:

Representing the core region?

Representing the exponential decay?

Error estimates?

e Black box modelling?

Distributed memory parallelisation?

= Playing field to try other basis function types
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Basis function types

o Gaussian-type orbitals @ Plane waves

o Geminals @ Augmented plane waves
@ Slater-type orbitals o Wavelets

@ Sturmian-type orbitals o Finite elements

° . °
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Design of the molsturm quantum-chemistry framework

Testing alternative basis function types

@ Obstacle: 1 Program ~ 1 basis function type
= Basis type often burned into existing codes

= A new program for each basis type just to try it?
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Design of the molsturm quantum-chemistry framework

Testing alternative basis function types

@ Obstacle: 1 Program ~ 1 basis function type
=- Basis type often burned into existing codes

= A new program for each basis type just to try it?

@ Structure of discretised SCF problem:

FC = SC diag(e1,...,&n)
= Independent of basis choice

= It should be sufficient to swap the integral backends!
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Aims of molsturm

Integral backends

CS convergence studies A&Q
000000000

Post HF methods

Gaussians

Sturmians

lonis. sturmians >

Finite elements basis-function
independent SCF code

Finite differences

Wavelets

LG

—> MP2

ADC

—> Full CI

>| Coupled Cluster

p BN
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Design of the molsturm quantum-chemistry framework

Achievements of molsturm

@ Basis-function independent design
e Plug and play new discretisations

e Basis-type agnostic SCF procedure

o Easy-to-use interfaces
o Integrate with existing code (e.g. Post-HF)
e Avoid reinventing the wheel

e Rapid prototyping, testing and analysis

= Explore methods across basis function types®:?

M. F. Herbst, A. Dreuw and J. E. Avery. J. Chem. Phys., 149, 84106 (2018)
2M. F. Herbst. Ph.D. thesis, Ruprecht-Karls-Universitit Heidelberg (2018)
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Two-step structure of SCF algorithms

[ initial coefficients C© | | nitial density matrix DO |

[ =

Fock matrix update: Fock matrix update:
Fn) — F(C(")) g F(") = F (D)

l

Diagonalise F(™) to get next set
of coefficients C(**+1). Build
D+ by Aufbau principle.

l

Diagonalise F(®) to Find D("+1) resulting in the
o (n+1) minimal SCF energy along
get coefficients C\™ 1), the line from D +D) to (M)

n+<n+1
n+<n+1

Roothaan scheme Optimal damping algorithm

o Fock update

o Coefficient update = Need to be basis-type independent
(density matrix update)
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Design of the molsturm quantum-chemistry framework

Challenge: Deviating Fock matrix structures

0 1000
04—t

10004
2000
3000 1
4000
5000 1
6000 1
7000 1

5000 7000 0 2 4 6 8 10 12 14 0 2 4 6 8 101214 16
L L L

3000
L

Finite elements Contracted Gaussians Coulomb Sturmians

@ Required numerical procedures differ
@ Details should be hidden from SCF

@ Focus on HF, but our approach extends to DFT

A&Q
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Solution: Contraction-based methods

@ Contraction-based methods
e Avoid storing matrices
e Employ iterative, subspace-based algorithms
o Contraction expressions (e.g. matrix-vector products)

e Common in Post-HF: Working equations

= SCF code only needs Fock contraction
= Hide discretisation details inside Fock object

= Flexible to exploit discretisation-specific properties
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Design of the molsturm quantum-chemistry framework

Contraction-based methods: Flexibility

e Compare
Q@ Kin =) (wv|[pA) CpiClys
yr7Zx;
9 Y = ZKK)\:I:/\
A
with directly

Y = Z <RV||/L)\> C ,iCV,ixA

Apwyi
@ Reordering terms
e Exploit known symmetries in xy, (kv||puA)
@ Exploit index selection rules

o K like a matrix with state C
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Design of the molsturm quantum-chemistry framework

Contraction-based methods: Overview

Advantages

@ Maximum flexibility at the point of evaluation
@ Parallelisation easier

= Less data management

= Easier modularisation

Disadvantages

@ Matrices more intuitive than contraction-functions

@ More computations
= Need efficient contraction schemes for the contraction
= Algorithms more complex

A&Q
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Design of the molsturm quantum-chemistry framework

Contraction-based methods: Overview

1 X CPU clock speed x X X
107 x X X 1
X Memory bus speed y X
] X
: ~
~ 103 4 X
2 ] X Processor vs.
g ] % X Memory
= ) 1 X performance gap
@ 10 3 < X
B ] X
E x>
< 1 X y
o 10! 5 e X
E X s X XXX XX
1 X X X X
] X XX X X XX
| %X XXXXXXXX
100 E X X

1980 1985 1990 1995 2000 2005 2010

Data from https://dave.cheney.net/2014/06/07/five-things-that-make-go-fast
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Contraction-based methods: Overview

Storage layer  Latency /ns FLOPs

L1 cache 0.5 13

L2 cache 7 180

Main memory 100 2600

SSD read 1.5-10* 4.10°

HDD read 1-107 3-108
Data from

https://people.eecs.berkeley.edu/~rcs/research/interactive_latency.html
FLOPs for a Sandy Bridge 3.2GHz CPU with perfect pipelining
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Contraction-based methods: Overview

Advantages

@ Maximum flexibility at the point of evaluation
@ Parallelisation easier

= Less data management

= Easier modularisation

@ Hardware trends are in favour

Disadvantages

@ Matrices more intuitive than contraction-functions

@ More computations
= Need efficient contraction schemes for the contraction
= Algorithms more complex

A&Q
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Lazy matrices

e Contraction expressions dressed as a matrix (physical intuition)
@ Build and pass Fock expression tree to SCF

@ Lazy evaluation:

F=h+J-K
Iterative solver
y=Fz
¥ =|F ||g = |5 Klzg= h+T-Kz
h J

@ Idea: Integral back end provides lazy matrix terms
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Contraction-based, two-step SCF

Fock expression Lazy matrix, sum of integral terms
Coefficient update lterative solvers

Fock update Replace coefficients in expression tree

Achieve basis-function independence:
@ Lazy matrices: Abstraction between integrals and SCF
@ Integral back end: Controls evaluation of contractions
= Decides integral data production and consumption
= Transparent to SCF

= May exploit discretisation-specific properties
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Design of the molsturm quantum-chemistry framework

molsturm structure

Integral backends Post HF methods

MP2

ADC

Interface layer and python driver

Sturmians
. Full CI
gint gsct

lonis. sturmians >

Integral interface SCF algorithms

Coupled Cluster

Finite elements —
lazyten

Finite differences = — Lazy matrix library

Wavelets — krims
Common utilities
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molsturm interface: CCD residual (parts)

1 1
T;.ljb =-3 Z (mnllef) tm taf f‘b—&- Z bf ff” -3 Z (mn)|

mnef mnef mnef

ef> tef 7Lub

mj

1 ab b 1 b
+ 3 3 Gmnllenyesd oo+ 2 3 ey tib, ol + 2 ST (malles) i35, 12
mnef mnef mnef
1 b1
— 2 > tmnlleny e, = 2 3 ey e, 151+ 2 ST tmnlles) i, 2]
mnef mnef mnef

eri_phys = state.eri.transpose((0, 2, 1, 3))

eri = eri_phys - eri_phys.transpose((1, 0, 2, 3))
res =
einsum("mnef ,manf,iejb->iajb", eri.block("oovv"), t2, t2)
einsum("mnef ,mbnf,ieja->iajb", eri.block("oovv"), t2, t2)
einsum("mnef,ienf,majb->iajb", eri.block("oovv"), t2, t2)
einsum("mnef, jenf,maib->iajb", eri.block("oovv"), t2, t2)
einsum("mnef ,manb,iejf->iajb", eri.block("oovv"), t2, t2)
einsum("mnef,iame, jbnf->iajb", eri.block("oovv"), t2, t2)
einsum("mnef, jame,ibnf->iajb", eri.block("oovv"), t2, t2)
einsum("mnef,ibme, janf->iajb", eri.block("oovv"), t2, t2)
einsum("mnef, jbme,ianf->iajb", eri.block("oovv"), t2, t2)

O OO O OO0 OO o .~
o oo,
PP P A g s

o oo o N
(%]
* K K K X X X K X
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molsturm interface: Linked codes

Coulomb-Sturmian based MP2 and FCI Coulomb-Sturmian and Gaussian based ADC(2)

Energy in

1.0 15 2.0

2.5 3.0 3.5 1.0 15

0.0
Coulomb-Sturmian exponent kex,

WL G 6.11) (BLD) B0 ©.1.1) (10.1,1)cop

@ FCl from pysct! @ ADC(2) from adcman®

@ Coulomb Sturmians from sturmint? @ Gaussians from libint* or 1ibcint®

1Q. Sun et al. WIREs Comput Mol Sci, 8, e1340 (2017).

2). E. Avery and M. F. Herbst. https://molsturn.org/sturnint (2018)
3M. Wormit et al. Mol. Phys., 112, 774 (2014).

4E. Valeyev et al. evaleev/libint: 2.3.1 (2017).

5Q. Sun. J. Comput. Chem., 36, 1664 (2015)
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Coulomb Sturmians

o lso-energetic solutions ¢,,;,, to hydrogen-like equation!
1 Z
(~38 = 2 ) Cutm(x) = Bown(z)

@ Scaling factor 3, chosen to uniform energy:

kn k2
B Z 2

@ ,m look like hydrogenic orbitals with % replaced by k
o Radial part R, satisfies

( 18(28) I(l+1)  nk

S R I LG L —0.
2r2 Or " or + 272 )Rnl(r) 0

r
= Sturm-Liouville equation?®

LH. Shull and P-O. Léwdin. J. Chem. Phys., 30, 617 (1959)

2
M. Rotenberg. Ann. Phys., 19, 262 (1962
otenberg. Ann. Phys ( ) 2837
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Coulomb-Sturmians vs Gaussians (for hydrogen)

(1) = Pu(r) exp(—kr) - Y"(#)

(3,1,1) Fexp = 1.4
0159 (31,1) kexp = 1.2
(3,1,1) kexp = 0.8
(5,1,1) kexp = 0.8
0.05 9 —— exact, kexp = 1.0

0.10 4

relative error
[=]
(=]
(=]
L

—0.20 T T T T T T T T T
-10.0 =75 =50 =25 0.0 2.5 5.0 7.5 10.0

relative distance in Bohr

A&Q
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Coulomb-Sturmians vs Gaussians (for hydrogen)

GTO e 0N m
pp - (r) =1 Z Cpyi €XP(—yir7) - Y, “(7)
i
0.20
0.15 1
0.10 1

0.05

relative error
[=]
(=]
(=]
L

—0.20 T T T T T T T T T
-10.0 =75 =50 =25 0.0 2.5 5.0 7.5 10.0

relative distance in Bohr
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Construction of CS basis sets

@ All CS basis functions share common exponent k

@ Index restrictions by CS equations:

n>0 0<li<n -1 <m<l

@ Basis set construction:! Additional restrictions

n < Nmax [ < lmax m < Mmax

@ Restriction by mmax, sometimes [, neglected

= Physically motivated

IM. F. Herbst, J. E. Avery and A. Dreuw (2018). arXiv: 1811.05777
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1

Energy convergence

Maximal principle quantum number 7,5
2 3 4 5 6

Absolute error

vk Be kexp =15 e O, kexp =31 ==

—— Be, koxp =20 =3¢ O, kexp = 3.6

10-24 =+~ Be, kexp = 2.5 == O, kexp =4.1
20 40 60 80

Number of basis functions Ny,

IM. F. Herbst, J. E. Avery and A. Dreuw (2018). arXiv: 1811.05777
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Basis progressions: Energy versus basis sizel

10° 4
core Be (Mmax,0,0)  —%¢— C (max,1,1)
10-1 1 —+— N (max,1,1) -%- C (Mmax,2,2)
—+— O (1nax,1,1) —— Ne (nmax,1,1)
1
h? 1024 ¢ % == O (numax2,2)
s ;
— _ B
2107
() B
£
g Y ~+ 12|
5} B T —e- 12
= 105 X
Y
. S~ 12)
105 4 ¥ *
12
" r r r r
0 20 40 60 80

Number of basis functions Nyag

IM. F. Herbst, J. E. Avery and A. Dreuw (2018). arXiv: 1811.05777
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Basis progressions: Carbon?

100 .

- C (Nmax,1,1) =% C (Nmax,1,1) (FON)
10~ -%- C ("max,2,2) -3¢~ C (Nmax,2,2) (FON)
<% C (Mmax,3,3) =¥ C (nmax,3,3) (FON)

102 4
1073 .

1074 .

Relative error of Eyp

10—5 .

10_6 T T T T T
20 40 60 80 100 120
Number of basis functions Ny

IM. F. Herbst, J. E. Avery and A. Dreuw (2018). arXiv: 1811.05777

A&Q
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Optimal exponent versus Clementi exponents®

64 T (5,2,2) CS basis X
------- k(Z) = 04352 + 0.251 %
¥ (6,2,2) CS basis e /,25’/
59 - k(2) =0.262Z + 1.303 X7
< + X A
- X average (Clementi X _or
= + X v
g .
247 & X
& X
3 X
X
x ¥
24 X &
<
T T T T T T T T
4 6 8 10 12 14 16 18

Atomic number Z

IM. F. Herbst, J. E. Avery and A. Dreuw (2018). arXiv: 1811.05777
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2

molsturm® in essence

e Contraction-based, basis-function independent SCF
@ Mediator: Integral libraries <+ Post-HF
@ Modular and light-weight structure

= Make use of what exists (Post-HF or python)

@ Plug-and-play new basis-function types
@ Allow apples-to-apples comparison

@ Rapid prototyping of new methods

o Application: Convergence of Coulomb-Sturmians basis sets?

M. F. Herbst, J. E. Avery and A. Dreuw (2018). arXiv: 1811.05777
2M. F. Herbst, A. Dreuw and J. E. Avery. J. Chem. Phys., 149, 84106 (2018)
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Papers: M. F. Herbst, A. Dreuw and J. E. Avery. J. Chem. Phys., 149,
84106 (2018)
M. F. Herbst, J. E. Avery and A. Dreuw (2018). arXiv: 1811.05777
Thesis: https://michael-herbst.com/phd-thesis.html
Code: https://molsturm.org

Email: michael.herbst@iwr.uni-heidelberg.de

Blog: https://michael-herbst.com/blog

This work is licensed under a Creative Commons
Attribution-ShareAlike 4.0 International Licence.
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Lazy matrix evaluation lazyten
[}

Lazy matrix evaluation

@ Actual expression in source code

D = A + B,
E = DC,
y = Ez,
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Lazy matrix evaluation

@ Actual expression in source code

D = A + B,
E = DC,
y = Ez,

@ Performed operation

D/ =A |+ B |=\/%
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Lazy matrix evaluation

@ Actual expression in source code

D = A + B,
E =DC,
y = Ez,

@ Performed operation

E =|D| |C
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Lazy matrix evaluation lazyten
[}

Lazy matrix evaluation

@ Actual expression in source code

D = A + B,
E =DC,
y = Ez,

@ Performed operation

E | = A/+\B . C | = A/+<E\SC
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Lazy matrix evaluation lazyten
[}

Lazy matrix evaluation

@ Actual expression in source code

D = A + B,
E = DC,
y = Ez,

@ Performed operation

/N
E = | & C = (A+B)Cz
A B

(=]
I
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Lazy matrix evaluation

[©]

lazyten

lazyten: Lazy matrix library

Upper layers

lazyten

LA backend

Algorithms e.g. Integrals
e.g. SCF
|
Y
common user-provided
/ interface lazy matrices
l built-in lazy
LA backends solvers matrices
| | |
v Y Y
Armadillo ARPACK Iterative
inverse
Bohrium LAPACK
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